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ABSTRACT. – We prove a separation criterion for the compactly supported Dolbeault
cohomology. As an application we give a simple proof of the following result: If X is an
(n− q)-convex complex manifold of dimension n, 1 6 q 6 n− 1, and K is a compact
subset of X which admits a basis of q-convex neighborhoods, then Hp,n−q(X \K,E)
is separated for all p and each holomorphic vector bundle E over X. Ó 2000 Éditions
scientifiques et médicales Elsevier SAS
RÉSUMÉ. – On prouve un critère de séparation pour la cohomologie de Dolbeault.
Comme application on donne une démonstration simple du résultat suivant : si X est une
variété analytique complexe (n − q)-convexe de dimension n, 1 6 q 6 n− 1, et K un
compact de X possédant une base de voisinages q- convexes, alors Hp,n−q (X \K,E)
est séparé pour tout p et tout fibré vectoriel holomorphe E sur X. Ó 2000 Éditions
scientifiques et médicales Elsevier SAS
1. Introduction
Let X be an n-dimensional complex manifold and E a holomorphic
vector bundle over X. Denote by Ep,q(X,E) the Fréchet space of E-
valued C∞-forms of bidegree (p, q) on X endowed with the topology
of uniform convergence of the forms together with all derivatives on the
compact subsets of X. If K is a compact subset of X, then we denote
(*) Partially supported by HCM Research Network CHRX-CT94-0468.
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by Dp,qK (X,E) the subspace of all f ∈ Ep,q(X,E) with suppf ⊆ K .
Dp,qK (X,E) also will be considered as Fréchet space, with the topology
induced from Ep,q(X,E). By Dp,q(X,E) we denote the linear subspace
of Ep,q(X,E) of all forms with compact support endowed with the
Schwartz topology, i.e., the finest local convex topology such that the
embeddings Dp,qK (X,E)→ Dp,q(X,E) are continuous for all compact
subsets K of X. The cohomology groups
Hp,q(X,E)= E
p,q(X,E)∩Ker ∂
∂Ep,q−1(X,E) and
Hp,qc (X,E) :=
Dp,q(X,E)∩Ker∂
∂Dp,q−1(X,E)
will be considered as topological vector spaces endowed with the cor-
responding factor topologies. Note that these topologies are separated if
and only if ∂Ep,q−1(X,E), respectively ∂Dp,q−1(X,E), is topologically
closed in Ep,q(X,E), respectively Dp,q(X,E).
The following theorem is known:
THEOREM 1.1. – For all integers p,q with 06 p 6 n, 16 q 6 n, the
following two conditions are equivalent:
Hp,qc (X,E) is separated.(1.1)
Hn−p,n−q+1(X,E∗) is separated.(1.2)
Here E∗ denotes the dual bundle of E.
The direction (1.2) ⇒ (1.1) was proved by Serre [5]. The opposite
direction (1.1)⇒ (1.2) is more difficult and was proved, as it seems, by
different authors independently (see, e.g., [4] for a complete proof).
Since Dp,q(X,E) is the strict inductive limit of the Fréchet spaces
Dp,qK (X,E),K bX compact, and therefore the Fréchet topology of each
Dp,qK (X,E) coincides with the topology induced from Dp,q(X,E) (see,
e.g., [6]), it is clear that condition (1.1) implies that
for each compact set K bX,
the space Dp,qK (X,E)∩ ∂Dp,q−1(X,E)
is topologically closed in the Fréchet space Dp,qK (X,E).
(1.3)
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In Section 2 of the present paper we prove that also (1.3)⇒ (1.1) is true
(Theorem 2.7). As a byproduct we obtain a new proof of (1.1) ⇒ (1.2)
which we present in Section 3.
That the statement (1.3) ⇒ (1.1) can be useful, will be shown in
Section 4. Using this statement, we obtain a new simple proof of an
Andreotti–Vesentini separation theorem which was first obtained in [3]
by means of a rather difficult proof. Note that our result (Theorem 4.1) is
even stronger than the corresponding result in [3] (cf. Remark 4.3). We
are very grateful to Mihnea Coltoiu, who constructed (upon our question)
corresponding examples. Moreover, by the same simple arguments, we
obtain that the classical Andreotti–Vesentini separation theorem [2] for
q-concave manifolds holds also for any increasing union of such
manifolds (Theorem 4.2). (It was again Mihnea Coltoiu, who explained
us that this is a true generalization.)
2. Proof of (1.3)⇒ (1.1)
In this section X is an n-dimensional complex manifold, E is a
holomorphic vector bundle over X, E∗ is the dual of E, and p,q are
integers with 06 p 6 n and 16 q 6 n.
First note the following theorem which is always true without addi-
tional conditions:
THEOREM 2.1. – Let ∂Dp,q−1(X,E) be the topological closure of
∂Dp,q−1(X,E) with respect to the Schwartz topology of Dp,q(X,E),
and let ∂Ep,q−1(X,E) be the topological closure of ∂Ep,q−1(X,E) with
respect to the Fréchet topology of Ep,q(X,E). Then
∂Dp,q−1(X,E)=
{
f ∈Dp,q(X,E)
∣∣∣∣ ∫
X
ϕ ∧ f = 0 for all
ϕ ∈ En−p,n−q(X,E∗)∩Ker ∂
}
,(2.1)
and
∂Ep,q−1(X,E)=
{
f ∈ Ep,q(X,E)
∣∣∣∣ ∫
X
ϕ ∧ f = 0 for all
ϕ ∈Dn−p,n−q(X,E∗)∩Ker∂
}
.(2.2)
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Proof. – The “⊆”-parts of (2.1) and (2.2) follow from Stokes’ formula
and the fact that the spaces on the right hand side are closed.
To prove the “⊇”-part of (2.1), we consider f ∈Dp,q(X,E) such that
for all ϕ ∈ En−p,n−q (X,E∗)∩Ker∂ we have∫
X
ϕ ∧ f = 0.(2.3)
By the Hahn–Banach theorem, we have to prove that then ϕ′(f ) = 0
for each E∗-valued (n − p,n − q)-current ϕ′ such that ϕ′(g) = 0 for
all g ∈ ∂Dp,q−1(X,E), i.e., ∂ϕ′ = 0. By regularity of ∂ for any such ϕ′
we can find a smooth form ϕ ∈ En−p,n−q(X,E∗)∩Ker ∂ such that, in the
sense of currents, ϕ = ϕ′ + ∂S for certain E∗-valued current S (∂S := 0
if q = n). Since, by (2.3), ∂f = 0 and therefore (∂S)(f ) = 0, now the
relation ϕ′(f )= 0 follows using again (2.3).
The proof of the “⊇”-part of (2.2) is similar, taking into account
that the continuous linear functionals on Ep,q(X,E) are the E∗-valued
(n− p,n− q)-currents with compact support in X. 2
DEFINITION 2.2. –
(i) A pair (K,K0) of compact sets K ⊆ K0 b X will be called a
cp,q(X,E)-pair if Dp,qK (X,E) ∩ ∂Dp,q−1(X,E) is topologically
closed in the Fréchet space Dp,q(X,E) and, moreover,
Dp,qK (X,E)∩ ∂Dp,q−1(X,E)=Dp,qK (X,E)∩ ∂Dp,q−1K0 (X,E).
(ii) We shall say that condition cp,q(X,E) is satisfied if, for each
compact set K b X, the space Dp,qK (X,E) ∩ ∂Dp,q−1(X,E)
is topologically closed in the Fréchet space Dp,q(X,E) (i.e.,
condition (1.3) is satisfied).
LEMMA 2.3. – If condition cp,q(X,E) is satisfied, then for each
compact set K bX there exists a compact set K0 bX such that (K,K0)
is a cp,q(X,E)-pair.
Proof. – Take an increasing sequence (Kj )∞j=1 of compact subsets of
X such that each compact subset of X is contained in certain Kj . Then
Dp,qK (X,E)∩ ∂Dp,q−1(X,E)=
∞⋃
j=1
Dp,qK (X,E)∩ ∂Dp,q−1Kj (X,E).
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Since condition cp,q(X,E) is satisfied and therefore Dp,qK (X,E) ∩
∂Dp,q−1(X,E) is a Fréchet space, then, for certain j0, the space
Dp,qK (X,E)∩ ∂Dp,q−1Kj0 (X,E) is of second Baire categorie in D
p,q
K (X,E)
∩ ∂Dp,q−1(X,E). Hence, by the open mapping theorem, K0:= Kj0 has
the required property. 2
LEMMA 2.4. – Suppose condition cp,q(X,E) is fulfilled, and let K ⊆
K0 bX be two compact sets such that (K,K0) is a cp,q(X,E)-pair. Then,
for each open neighborhood U0 of K0 which is relatively compact in X,
Dp,qK (X,E)∩ ∂Dp,q−1(X,E)=Dp,qK (X,E)∩ ∂Dp,q−1K0 (X,E)
=
{
f ∈Dp,qK (X,E)
∣∣∣∣ ∫
U0
ϕ ∧ f = 0 for all
ϕ ∈ En−p,n−q(U0,E∗)∩Ker ∂
}
.
Proof. – The relation
Dp,qK (X,E)∩ ∂Dp,q−1(X,E)=Dp,qK (X,E)∩ ∂Dp,q−1K0 (X,E)
holds by definition of a cp,q(X,E)-pair, and that each f ∈ ∂Dp,q−1K0 (X,E)
satisfies the orthogonality condition∫
U0
ϕ ∧ f = 0 for all ϕ ∈ En−p,n−q(U0,E∗)∩Ker∂(2.4)
follows from Stokes’ formula.
To complete the proof, let f ∈ Dp,qK (X,E) be given such that (2.4)
holds. Since U0 is relatively compact in X and condition cp,q(X,E) is
satisfied, the space Dp,q
U0
(X,E) ∩ ∂Dp,q−1(X,E) is topologically closed
in Dp,q
U0
(X,E). Therefore, by the Hahn–Banach theorem, it is sufficient
to consider a continuous linear functional
ϕ′ :Dp,q
U0
(X,E)→C
such that ϕ′ ≡ 0 on Dp,q
U0
(X,E) ∩ ∂Dp,q−1(X,E) and to prove that
ϕ′(f ) = 0. Let ϕ′′ be the E∗-valued (n − p,n − q)-current defined
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by ϕ′ on U0. Then ∂ϕ′′ = 0 and, by regularity of ∂ , we can find a
smooth form ϕ ∈ En−p,n−q(U0,E∗) ∩ Ker∂ such that, in the sense of
currents, ϕ = ϕ′′ + ∂S for certain E∗-valued current S on U0 (∂S:= 0
if q = n). Since, by (2.4), ∂f = 0 and therefore (∂S)(f )= 0, it follows
that ϕ′(f )= ϕ′′(f )=± ∫U0 ϕ∧f . Hence, again by (2.4), ϕ′(f )= 0. 2
LEMMA 2.5. – Suppose condition cp,q(X,E) is fulfilled. Let U b X
be an open set, and let K0 b X be a compact set such that (U,K0) is
a cp,q(X,E)-pair. Further let U0 ⊆ U00 be two open neighborhoods of
K0 which are relatively compact in X. Then En−p,n−q(U00,E∗) ∩ Ker ∂
is dense in En−p,n−q(U0,E∗)∩Ker ∂ with respect to the Fréchet topology
of En−p,n−q(U,E∗).
Proof. – Consider a continuous linear functional T on En−p,n−q(U,E∗)
(i.e., an E-valued (p, q)-current on X with suppT bU ) such that
T (ϕ)= 0 for all ϕ ∈ En−p,n−q(U00,E∗)∩Ker∂.(2.5)
By the Hahn–Banach theorem we have to prove that then also
T (ϕ)= 0 for all ϕ ∈ En−p,n−q(U0,E∗)∩Ker∂.(2.6)
It follows from (2.5) that ∂T = 0. Therefore, by regularity of ∂ , we
can find a form f ∈ Dp,q
U
(X,E) such that, in the sense of currents,
f = T + ∂S on X for certain current S with suppS ⊆U . Then, by (2.5),∫
U00
ϕ ∧ f =±T (ϕ)± S(∂ϕ)= 0 for all ϕ ∈ En−p,n−q(U00,E∗)∩Ker ∂.
Since (U,K0) is a cp,q(X,E)-pair and U00 is a neighborhood of K0
which is relatively compact in X, in view of Lemma 2.4, this implies
that f = ∂u for some u ∈Dp,q−1K0 (X,E). Now (2.6) follows from Stokes’
formula. 2
THEOREM 2.6. – Suppose condition cp,q(X,E) is fulfilled, and let
U ⊆ K ⊆ X such that U is open, K is compact and (U,K) is a
cp,q(X,E)-pair. Then, for each open neighborhood U0 ofK , En−p,n−q(X,
E∗) ∩ Ker ∂ is dense in En−p,n−q(U0,E∗) ∩ Ker ∂ with respect to the
Fréchet topology of En−p,n−q(U,E∗).
C. LAURENT-THIÉBAUT, J. LEITERER / Bull. Sci. math. 124 (2000) 93–106 99
Proof. – Set U−1 =U andK−1 =K . Since (U,K) is a cp,q(X,E)-pair
and by Lemma 2.3 then we can find an increasing sequence (Uj )∞j=1 of
relatively compact open subsets of X as well as an increasing sequence
(Kj)
∞
j=0 of compact sets such that
⋃∞
j=1Uj = X and, for all j > −1,
Uj ⊆Kj ⊆ Uj+1 and (Uj,Kj ) is a cp,q(X,E)-pair. Take a metric ρj on
each En−p,n−q(Uj,E∗) inducing its Fréchet topology.
Now let f0 ∈ En−p,n−q(U0,E∗) ∩Ker ∂ and ε > 0 be given. Then, by
Lemma 2.5, we can construct inductively a sequence (fj)∞j=1 of forms
fj ∈ En−p,n−q(Uj,E∗)∩Ker ∂ such that
ρk(fj , fj+1)6
ε
2j+1
for j = 0,1, . . . and − 16 k < j,
and therefore
ρk(fi, fj )6
j−1∑
l=i
ρk(fl, fl+1)6
j−1∑
l=i
ε
2l+1
6 ε
2i
for − 16 k < i < j.
Hence, for each k >−1, the sequence (fj )∞j=k+1 converges in En−p,n−q
(Uk,E
∗) to some Fk ∈ En−p,n−q(Uk,E∗)∩Ker∂ where
ρk(fk+1,Fk)6
ε
2k+1
.
Clearly Fk = Fk+1|Uk for all k. Therfore we have a form F ∈ En−p,n−q−1
(X,E∗)∩Ker∂ defined by F = Fk on Uk with
ρk(fk+1,F )6
ε
2k+1
for all k >−1.
In particular,
ρ−1(f0,F )6 ε. 2
THEOREM 2.7. – Hp,qc (X,E) is separated if and only if condition
cp,q(X,E) is fulfilled.
Proof. – It is trivial that the separability of Hp,qc (X,E) implies condi-
tion cp,q(X,E). Suppose that condition cp,q(X,E) is satisfied. Then, by
Theorem 2.1 we have to prove that, for each compact set K bX,
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Dp,qK (X,E)∩ ∂Dp,q−1(X,E)
=
{
f ∈Dp,qK (X,E)
∣∣∣∣ ∫
X
ϕ ∧ f = 0 for all
ϕ ∈ En−p,n−q(X,E∗)∩Ker∂
}
.(2.7)
Let some compact set K b X be given, and let U be an open
neighborhood of K which is relatively compact in X. Then, by Lemma
2.3, we can find a compact set K0 bX such that (U,K0) is a cp,q(X,E)-
pair. Further we take an open neighborhood U0 of K0 which is also
relatively compact in X. Then by Lemma 2.4
Dp,qK (X,E)∩ ∂Dp,q−1(X,E)
=
{
f ∈Dp,qK (X,E)
∣∣∣∣ ∫
X
ϕ ∧ f = 0 for all
ϕ ∈ En−p,n−q(U0,E∗)∩Ker∂
}
.
Since, by Theorem 2.6, En−p,n−q(X,E∗) ∩Ker ∂ is dense in ∈ En−p,n−q
(U0,E
∗) ∩ Ker ∂ with respect to the topology of En−p,n−q(U,E∗) and
K bU , this implies (2.7). 2
Sometimes the following simple lemma is useful to check condition
cp,q(X,E):
LEMMA 2.8. – LetK be a compact subset of X and suppose that there
exists a topologically closed subspace F of the Fréchet spaceDp,qK (X,E)
such that Dp,qK (X,E) ∩ ∂Dp,q−1(X,E) is of finite codimension in F .
Then also Dp,qK (X,E) ∩ ∂Dp,q−1(X,E) itself is topologically closed in
Dp,qK (X,E).
Proof. – Take an increasing sequence (Kj )∞j=1 of compact subsets of
X such that K ⊆K1 and each compact subset of X is contained in some
Kj , set
Lj = {f ∈Dp,q−1Kj (X,E) | ∂f ∈Dp,qK (X,E)}
and let H be a finite dimensional subspace of F with
F =H⊕Dp,qK (X,E)∩ ∂Dp,q−1(X,E).
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Then F = ⋃∞j=1(H ⊕ ∂Lj ). Hence, for some j0, the space H ⊕ ∂Lj0
is of second Baire categorie in F . On the other hand, H ⊕ ∂Lj0 is the
image of the continuous linear operator idH ⊕ ∂ considered as operator
acting between the Fréchet spaces H ⊕ Lj0 and F . Hence, by the
open mapping theorem, this operator is surjective and open. Therefore
(idH ⊕ ∂)((H⊕Lj0) \ ({0} ⊕Lj0)) is open and
Dp,qK (X,E)∩ ∂Dp,q−1(X,E)
=F \ (idH ⊕ ∂)((H⊕Lj0) \ ({0} ⊕Lj0)). 2
3. A new proof of (1.1)⇒ (1.2)
Let X be an n-dimensional complex manifold, E is a holomorphic
vector bundle over X, E∗ is the dual of E, and let p,q be integers with
06 p6 n and 16 q 6 n.
Serre’s proof [5] of (1.2) ⇒ (1.1) uses the following consequence of
the open mapping theorem between Fréchet spaces: If the operator
∂ :En−p,n−q(X,E)→ En−p,n−q+1(X,E)
has topologically closed range, then this operator is relatively open.
The proof of (1.1) ⇒ (1.2) is more difficult, because the corresponding
assertion for the operator
∂ :Dp,q−1(X,E)→Dp,q(X,E)
is not clear (or not true) (cp. the warning concerning closed subspaces of
LF -spaces given on p. 126 of the book [6]). However, since the spaces
Dp,qK (X,E), K b X compact, are Fréchet spaces, by a straightforward
modification of Serre’s arguments one obtains the following
LEMMA 3.1. – Let U ⊆K ⊆ U0 ⊆X be a triplet such that U,U0 are
open, K is compact, and (U,K) is a cp,q(X,E)-pair. Then, for each
ϕ ∈ En−p,n−q+1(U0,E∗) satisfying the orthogonality condition∫
U0
ϕ ∧ f = 0 for all f ∈Dp,q−1K (X,E)∩Ker ∂(3.1)
there exists ψ ∈ En−p,n−q(U,E∗) with ∂ψ = ϕ|U .
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Proof. – Since (U,K) is a cp,q(X,E)-pair, the operator
∂ : {f ∈Dp,q−1K (X,E) | supp ∂f ⊆U}→Dp,qU (X,E)∩ ∂Dp,q−1(X,E)
is a continuous linear surjection between Fréchet spaces and therefore
open. Hence the linear functional
ψ ′ :Dp,q
U
(X,E)∩ ∂Dp,q−1(X,E)→C,
well-defined (in view of (3.1)) by
ψ ′(∂f )=
∫
U0
ϕ ∧ f for all f ∈Dp,q−1K (X,E)(3.2)
is continuous. By the Hahn–Banach theorem there exists a continuous
linear extension of ψ ′ to Dp,q
U
(X,E). Let ψ ′′ be the E∗-valued (n− p,
n − q)-current defined by this extension on U . Then, by (3.2), ∂ψ ′′ =
±ϕ|U and the assertion follows by regularity of ∂ . 2
3.1. Proof of (1.1)⇒ (1.2)
Suppose Hp,qc (X,E) is separated. By Theorem 2.1 we have to
prove that then each ϕ ∈ En−p,n−q+1(X,E∗) satisfying the orthogonality
condition ∫
X
ϕ ∧ f = 0 for all f ∈Dp,q−1(X,E)∩Ker∂(3.3)
is ∂-exact on X. Let such ϕ be given. By Lemma 2.3 we can find
an increasing sequence (Uj )∞j=0 of open sets Uj b X as well as an
increasing sequence (Kj)∞j=0 of compact sets Kj b X such that, for all
j , Uj ⊆ Kj ⊆ Uj+1 and (Uj ,Kj) is a cp,q(X,E)-pair. Then, by (3.3),
we can apply Lemma 3.1 to each triplet Uj−1 ⊆Kj−1 ⊆Uj and obtain a
sequence (ψj )∞j=1 of forms ψj ∈ En−p,n−q(Uj ,E∗) with ∂ψj = ϕ|Uj for
all j . Now, for each j > 0, we fix a metric ρj on En−p,n−q(Uj ,E∗) which
induces the Fréchet topology of En−p,n−q(Uj,E∗). Then, by Theorem
2.6, we can inductively construct a sequence (ωj)∞j=1 of forms ωj ∈
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En−p,n−q(X,E∗)∩Ker ∂ such that, for j = 2,3, . . . ,
ρi(ψj−1 +ωj−1,ψj + ωj)6 12j if 06 i 6 j − 2.(3.4)
In fact, set ω1 = 0 and assume that, for certain k > 1, forms ωj ∈
En−p,n−q(X,E∗) ∩ Ker ∂ , 1 6 j 6 k, are already constructed such that
(3.4) holds for 26 j 6 k. Then
ψk + ωk −ψk+1 ∈ En−p,n−q(Uk,E∗)∩Ker ∂
and, in view of Theorem 2.6, we can find ωk+1 ∈ En−p,n−q(X,E∗)∩Ker ∂
which is so close to ψk + ωk − ψk+1 with respect to each of the
metrics ρi , 0 6 i 6 k − 1, that (3.4) holds also for j = k + 1. Now it
follows from (3.4) that there is a form ψ ∈ En−p,n−q(X,E∗) such that
limi6ν→∞ ρi(ψ,ψν +ων)= 0 for all i > 0. Then ∂ψ = ϕ. 2
4. Andreotti–Vesentini separation theorems
THEOREM 4.1. – Let X be an n-dimensional complex manifold which
is (n − q)-convex in the sense of Andreotti–Grauert, 1 6 q 6 n − 1
(i.e., there is a proper real C∞ function on X whose Levi form has at
least q + 1 positive eigenvalues outside certain compact set). Further let
K be a compact subset of X which admits a basis of strictly q-convex
neighborhoods. Then Hp,n−q(X \K,E) is separated for all p and each
holomorphic vector bundle E over X.
Proof. – By Theorems 1.1 and 2.7 it is sufficient to prove condition
cn−p,q+1(X \K,E∗). Let a compact set Γ bX \K be given. We have to
prove that the space
R :=Dn−p,q+1Γ (X \K,E∗)∩ ∂Dn−p,q(X \K,E∗)
is closed in Dn−p,q+1Γ (X \K,E∗). Let
r :Dn−p,q+1Γ (X,E∗)→Dn−p,q+1Γ (X \K,E∗)
be the isomorphism defined by restriction. Set
R˜ := r(Dn−p,q+1Γ (X,E∗)∩ ∂Dn−p,q(X,E∗)).
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Then R⊆ R˜. Now by Lemma 2.8 it is sufficient to prove the following
two statements:
(I) R˜ is closed in Dn−p,q+1Γ (X \K,E∗).
(II) R is of finite codimension in R˜.
Proof of (I). – Since X is (n−q)-convex, by Andreotti–Grauert theory
[1], Hp,n−q(X,E) is finite dimensional and therefore separated. Hence,
by Theorem 1.1, Hn−p,q+1c (X,E∗) is separated. In particular, the space
Dn−p,q+1Γ (X,E∗)∩ ∂Dn−p,q(X,E∗) is closed in Dn−p,q+1Γ (X,E∗). Since
r is a continuous linear isomorphism, this is equivalent to (I).
Proof of (II). – Since K admits a basis of q-convex neighborhoods, we
can find a q-convex neighborhood U of K with U ∩Γ = ∅. Denote by G˜
the space of all ϕ ∈Dn−p,q(X,E∗) with ∂ϕ = 0 outside Γ , and by G we
denote the subspace of all ψ ∈ G˜ with
ψ
∣∣
U
∈ ∂En−p,q−1(U,E∗).(4.1)
Since G˜|U ⊆ En−p,q(U,E∗)∩ Ker∂ , then
dim(G˜/G)6 dimHn−p,q(U,E∗).
Hence, by Andreotti–Grauert theory [1] (U is q-convex), dim(G˜/G) <
∞. Since (r ◦ ∂)(G˜) = R˜, this implies that dim R˜/(r ◦ ∂)(G) < ∞.
Therefore it is sufficient to prove that (r ◦ ∂)(G)⊆R. Let ϕ ∈ (r ◦ ∂)(G)
and ψ ∈ G with ϕ = (r ◦ ∂)(ψ) be given. By (4.1) we can find ω ∈
En−p,q−1(X,E∗) with ψ = ∂ω in some neighborhood of K . Then the
form ψ˜ :=ψ − ∂ω has compact support in X \K and ∂ψ˜ = ϕ on X \K .
Hence ϕ ∈R. 2
If the manifoldX in Theorem 4.1 is compact and, moreover, Y =X\K
is q-concave (which is not always true — cp. Remark 4.3 below), the
assertion of Theorem 4.1 follows from the classical Andreotti–Vesentini
theorem [2] which says that Hp,n−q(Y,E) is separated for any q-concave
manifold Y — also in the case when Y has no compactification. The
following theorem is a generalization of this to arbitrary increasing
unions of such manifolds.
THEOREM 4.2. – Let X be an n-dimensional complex manifold of the
form X = ⋃∞j=1Xj where Xj is an increasing sequence of open subsets
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of X each of which is q-concave in the sense of Andreotti–Grauert.
If 1 6 q < n/2, then Hp,n−q(X,E) is separated for all p and each
holomorphic vector bundle E over X.
Proof. – By Theorems 2.1 and 2.7 it is sufficient to prove condition
cn−p,q+1(X,E∗). Let a compact set K b X be given. Then there
exists j0 with K b Xj0 . As Xj0 is q-concave, it follows from the
classical Andreotti–Vesentini theorem that Hp,n−q(Xj0,E) is separated.
By Theorem 1.1 this means that Hn−p,q+1c (Xj0,E∗) is separated. In
particular, the space
Rj0 :=Dn−p,q+1K (Xj0,E∗)∩ ∂Dn−p,q(Xj0,E∗)
is closed in Dn−p,q+1K (Xj0,E∗).
We have to prove that the space Dn−p,q+1K (X,E∗)∩ ∂Dn−p,q(X,E∗) is
closed in Dn−p,q+1K (X,E∗); this will follow from the fact that the space
R := r(Dn−p,q+1K (X,E∗)∩ ∂Dn−p,q(X,E∗)),
where r :Dn−p,q+1K (X,E∗) → Dn−p,q+1K (Xj0,E∗) is the isomorphism
defined by restriction, is finite codimensional in Rj0 .
Since Xj0 is q-concave, we have a strictly positive C∞-function ρ on
Xj0 such that the sets {ρ > α}, α > 0, are compact and the Levi form
of ρ has at least n− q + 1 positive eigenvalues everywhere on {ρ < 1}.
Take ε ∈]0,1[ such that K ⊆ {ρ > ε}. Set U = {ρ < ε}. Since q < n−q,
then, by Andreotti–Grauert theory [1], dimHn−p,q(U,E∗) <∞. Now it
remains to repeat the arguments of the end of the proof of Theorem 4.1
(Proof of (II)) to obtain that R is of finite codimension in Rj0 . 2
Remark 4.3. – Theorem 19.1′ in [3] is contained in Theorem 4.1, but
Theorem 4.1 is stronger. Indeed, instead of our condition
(A) There exists a basis of q-convex neighborhoods of K .
In [3] the following condition (B) is required:
(B) There exist a neighborhood W of K and a real C∞ function
ρ :W ∩ (X \K)→]0,1[ the Levi form of which has at least n− q + 1
positive eigenvalues and such that the sets {α 6 ρ 6 β}, 0< α < β < 1,
are compact and ρ(z)→ 0 for W 3 z→K .
It is clear that (B) yields (A). The opposite is not true. This follows
from an example recently constructed by Mihnea Coltoiu (communicated
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to us by e-mail because of our question). In this example, X is
2-dimensional and compact, and K is a compact subset which admits
a basis of Stein neighborhoods such that X \ K is connected and not
1-concave.
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